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Abstract 
The numerical modeling of hot shape rolling of steel billet is represented by using a meshless Radial Basis function 
Collocation Method (RBFCM). The physical model consists of coupled thermal and mechanical models. Both models 
are solved through a strong formulation. The material in the present formulation is assumed to behave elastic or 
ideally plastic. The model decomposes the 3D geometry of the steel billet into a traveling 2D cross section which lets 
us analyze the large shape reductions by a sequence of small steps. Homogeneous compression and a uniform 
velocity over each of the cross-sections are assumed. A meshless method, based on collocation with radial basis 
functions, is proposed to solve the thermo-mechanical problem. The nodal distribution is adapted by Transfinite 
Interpolation (TFI) and Elliptic Node Generation (ENG) at each deformation step to the new form of the billet. The 
solution is calculated in terms of temperatures and displacements at each node. A simple benchmark solution is 
compared with FEM based commercial code DEFORM. A good agreement is found between the RBFCM and the 
commercial code DEFORM. 
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1. Introduction 
The main aim of this paper is to simulate the hot shape rolling process by using a coupled thermo-
mechanical model. An overview of such models can be found in [1-2]. The shape rolling is a completely 
3D process, however in order to overcome the computational complexities, 2D imaginary slices are taken 
into consideration which are parallel to each other and orthogonal to the rolling direction. The rolling 
process is assumed to obey the homogenous compression assumption. For each slice, the temperature 
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field and deformation field are calculated first. Afterwards, the temperatures and displacements are 
interpolated on a new slice shape and the procedure is repeated for a new slice. In case of excess 
deformation a new node arrangement is generated based on Transfinite Interpolation (TFI) and Elliptic 
Node Generation (ENG) [3]. Overall, the system is based on a mixed Eularian-Langrangian model where 
a traveling slice is based on Langrangian description. Moreover, those slices traveling towards the rolling 
direction create a constant inflow and outflow of steel through the same direction which is based on 
Eularian description.  
In the majority of the publications, the numerical simulation of hot rolling is based on FEM as in [1-2]. 
FEM requires meshing of computational domain referred as pre-processing which can be quite 
complicated in complex domains, since the accuracy of the results strictly depends on the mesh quality. 
On the other hand, there has been some publications in which material deformation has been simulated 
with using meshless techniques. Point Interpolation Method (PIM) is one of the most common example 
[4-5]. In the examples of PIM mostly weak form is used, however a comparison has been made between 
weak and strong formulation by using Smoothed Particle Hydrodynamics (SPH) in [6]. In this paper a 
meshless method, based on a strong formulation and Radial Basis Function Collocation Method RBFCM 
is used. This meshless method has been recently used to simulate advanced problems such as multi-scale 
solidification modeling [7], convection driven melting of anisotropic metals [8] and continuous casting of 
steel [9]. Both thermal and mechanical physical models are described in its full complexity, however the 
numerical example is shown for a simple, well described mechanical problem, due to the space 
constraints. The results are compared with a commercial software DEFORM 2D (Version 10.1.2, 
#)%-2)&)# .0,)-' %#(-.+.')%1 .0/.0!2).- :(22/444$%&.0,#.,; based on Finite Element 
Method (FEM). 
2. Physical Model 
The system is divided into two required sub-models, thermal and mechanical. First the thermal and 
then the mechanical model is explained, followed by a description of their coupling. 
2.1. Thermal Model 
The thermal model of the hot shape rolling is aimed to calculate the temperature field of the steel slice 
as it travels through the rolling mill. A three dimensional domain 
3D  with boundary 3D  is considered. 
The solution procedure is based on Cartesian coordinate system with axes , ,x y z . The steady state 
temperature distribution of the rolled product is defined through the following heat transfer equation 
   pc T k T S     v ;  3D , ,x y zp .            (1) 
The position vector p is defined as x x y y z zp p p  p i i i  where , ,x y zi i i  are base vectors of 
, ,x y zp p p  coordinates of Cartesian system. During the temperature field calculation of a slice, the heat 
transfer in the longitudinal (rolling) direction is neglected. Therefore, the thermal model of a slice is 
based on 2D Langrangian framework on 
2 D . The transformation of the equation (1) from the Eularian 
to Langrangian system can be written as                
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with p ,  , v , t , pc , T , k , entryv , entryA , ( )A z  and S  standing for position vector, density, velocity 
vector, time, specific heat, temperature, thermal conductivity, entry speed of billet, entry cross sectional 
area, instant cross sectional area and internal heat generation rate per unit volume due to plastic 
deformation. It is assumed in the slice model that the heat transport takes place only in the direction 
perpendicular to the rolling direction and that the homogenous deformation takes place which means the 
velocity vector ( )zpv  depends only on the z  coordinate. The Neumann and Robin boundary conditions 
on parts of the boundaries 
N and R   N R     are assumed. They are defined as 
 
; N
T
k q


  

p
p
n
, 
      ; .R RTk h T T


 %    &
p
p p p
n
                                 (3,4) 
N  nodes in the domain and N  nodes at the boundary are used to discretize the temperature in 
RBFCM where for each node on a slice 
tr
,n x yp p %  &p . For each node there is a defined influence 
domain with N  neighboring nodes. For each influence domain a radial basis function in terms of 
multiquadrics is written    22 2 2 2max max/ /n x xn y ynp p x p p y c      . The temperature and the 
thermal conductivity k  can then be interpolated as  
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the coefficients determined from collocation. The main equation on 2 D  can now be rewritten by using 
numerical approach and explicit time stepping 
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The internal heat generation rate per unit volume can be expressed as a function of mechanical 
deformation  
 tr tro o otr t  S u L C L u u ,
               
(6) 
where the displacement vector u  is defined at Equation (9), the derivative matrix L  is explained below 
and the stiffness matrix C  is explained in Equation (10). The same nodal points are used in the thermal 
and mechanical models. 
2.2. Mechanical Model 
The main aim of the mechanical model is to calculate the displacement vectors for each node and for 
each slice. In the calculations, strong form is chosen due to its simplicity and compatibility with RBFCM. 
A domain 
3D  with boundary 3D  is considered. The governing equation of the deformation problem is 
   tr 3 ;  DL 
       .              (7) 
In order to avoid the complications associated with a full 3D domain, each slice is calculated 
individually on a 
2 D  where the boundary U T   
 
is considered. 
U
 
represents the essential and
 T
 
the natural boundary. For a 2D slice, the derivative matrix L  becomes; 
11 32 xL L p    , 
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12 21 0L L  , 22 31 yL L p    . 
tr
, ,x y xy   %  &
  is the stress vector, and 
tr
,x yb b %  &b  is the body 
force vector. At the essential boundary 
U  the displacements are equal to the prescribed displacements, 
( ) ( ) ;  U u p u p p where 
tr
( ) ( ),  ( )x yu u %  &u p p p  is displacement vector and 
tr
( ) ( ),  ( )x yu u %  &u p p p  
is the prescribed displacement vector on 
2 D . At the natural boundary condition T  the traction 
occurring at the contact between the roll and the steel is equal to the prescribed shear stress. 
     tr   ;  TN p 
       is valid, where   is the prescribed surface traction or shear stress 
tr
,x y  %  & , N  is the unit normal matrix given on 
2 D as; 
11 32 xN N n  , 12 21 0N N  , 
22 31 yN N n  . 
The governing equations for mechanical model can be written in the following form in a 2D system 
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The strain vector 
T
, ,x y xy
 
 
 %  &	 can be written in terms of
 
displacement as 	    and the stress 
vector 
  can be expressed from the strain vector with using stiffness matrix C  from 
 	 . The 
stiffness matrix C  can be written in two possible ways, elastic eC or ideally plastic pC . All these 
matrices are 3 3  on 2 D . For elastic case, plane strain condition is assumed. The plastic and elasto-
plastic matrices are defined as shown below with using von Mises flow rule assumption 
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where f  is the yielding function of the material and in a component form ( )ij ij ijf s     is written 
where ijs  are the components of the stress deviator tensor [10]. In the assumption of plastic flow the 
effective stress is set equal to the yield stress. The relation between the effective stress, effective strain 
and deviatoric stress and strain is   2 3ij ijs  
 
 .
 
In order to get the deviatoric stress components to 
be used in the plastic stiffness matrix, we need an empirical definition of the effective stress ( , , )T 
 
  
depending on strain, strain rate and temperature. This empirical formulation is based on the previously 
made material tests which are then used on hot rolling of steel. An example is shown by Glowacki [2]. 
The displacements in x and y  direction,   
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are written as a sum of weighted radial basis functions. The coefficients are calculated based on the 
following system of equations 
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3. Numerical Examples 
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obeying plane strain rolling assumption. Due to the symmetry, only the top right quarter of the billet is 
considered in calculations. The flat rolling simulation results are verified with the calculations from 
DEFORM-2D. Due to the space constraints we demonstrate a numerical solution of a simple elastic 
deformation (4)2(.3-'<1,.$3+31 97362.21E   !!-$.)11.-<10!2). 0.35678  ) with sticking 
condition at the roll contact and constant uniform temperature. The thermal part of the model was already 
presented and tested in details in [11]. 
The boundaries can be analyzed in 4 sections: top, right, left and bottom. It is important to note that 
each section actually has two boundary conditions towards the direction of major axes on Cartesian 
coordinate system x and y . Top boundary has essential boundary conditions in both directions since we 
know its prescribed displacement due to the known through the reduction and sticking contact condition. 
The right side nodes obey natural boundary condition in both directions. The left side has also essential 
boundary conditions because it is on the symmetry line on longitudinal direction so it cannot have any 
movement in the latitudinal direction. However when the material shrinks vertically its new longitudinal 
displacement can be found from the total reduction and the nodes position over the left side. The bottom 
side nodes have zero displacement on longitudinal direction due to being on the symmetry line of the 
material. The width spread on the latitudinal direction obeys the natural boundary condition.  
In the simulation shown in Figs. 1 and 2, the present meshless RBFCM is compared with FEM based 
DEFORM-2D. 400 points are uniformly distributed on the physical domain in meshless method and free 
shape parameter 10c   is used. On the other hand, 395 rectangular elements are used by DEFORM. In 
the meshless simulation the influence domain consists of all points (i.e. global RBFCM). The total 
reduction in Fig. 1 is 5 mm and analyzed in 5 consecutive and equal reduction steps. The width spread 
comparison after each deformation step from the simulation above can be seen on Fig 2.  
       
Fig. 1. The simulation results of deformation considering top right corner of a 52 x 52 mm steel billet. (a) left: simulation results 
with using the introduced meshless method; (b) right: simulation result obtained from commercial program DEFORM-2D. (All the 
dimensions are in mm). 
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4. Conclusions 
In this research a coupled thermo-mechanical model of hot shape rolling of steel is presented with 
using a meshless RBFCM. Strong formulation is used and relevant boundary conditions are included. A 
comparison is made between meshless method and FEM based program DEFORM-2D on a simple elastic 
case. The results are obtained in terms of displacements over each slice. The future work will be focused 
on investigating the thermal effects on mechanical model and simulating the hot rolling process with 
using sequence of differently shaped grooves. A higher number of discretization points would require a 
localized version of the method instead of the global one, due to the inherent ill conditioning of the RBF 
based collocation matrices in large problems. 
 
Fig. 2. A comparison of the width spread of the hot rolled steel as shown in Fig. 1. The spread is compared at each deformation step 
(slice) where 1 mm of further vertical reduction is applied. 
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